Motivated by recent experiments on SrCu2(BO3)2, we investigate the ground states of the doped Mott insulator on the Shastry-Sutherland lattice. To provide a unified theoretical framework for both the valence-bond solid state found in undoped SrCu2(BO3)2 and the doped counterpart being pursued in on-going experiments, we analyze the t-J-V model via the bond operator formulation. It is found that novel superconducting states emerge upon doping with their properties crucially depending on the underlying valence bond order. Implications to future experiments are discussed.
I. INTRODUCTION
The fate of doped Mott insulators is one of the most challenging issues in correlated electron physics, especially in relation to the long-standing problem of high-temperature superconductivity in cuprates 1, 2, 3 . Recent discoveries of various Mott insulators on geometrically frustrated lattices 4, 5, 6, 7 and organic materials 8 may offer an important clue to this issue when such materials are doped. While it is possible that the ground state does not break any symmetry, resulting in a spin liquid phase, the ground states of Mott insulators often have broken spin-rotation and lattice-translation symmetries, leading to antiferromagnetic and valence bond solid order, respectively 1 . Since both antiferromagnetic and valence bond solid phases are generic possibilities for Mott insulators, a zero-temperature quantum phase transition may occur between these two phases when an appropriate "control parameter" is changed 1 . In this context, understanding the effect of doping on valence-bond solid phases is as equally important as that on antiferromagnetic phases and would be quite useful for the full classification of all possible phases of doped Mott insulators.
There are, however, not many clear examples of twodimensional valence-bond solid insulator in contrast to the antiferromagnetic insulator found in high T c cuprate compounds. The discovery of SrCu 2 (BO 3 ) 2 is particularly important in this regard 4, 9, 10 . This material can be characterized by an antiferromagnetic spin-1/2 Heisenberg model on the Shastry-Sutherland lattice 11 . Starting from the usual square lattice, the Shastry-Sutherland lattice can be obtained by putting additional diagonal bonds with two possible orientations in alternating plaquettes (see Fig.1 ). Let J and J ′ be the exchange couplings along the diagonal and the square lattice links, respectively. It is known that the valence bond solid state or the product state of valence bond singlets (illustrated as filled ellipses in Fig.1 ) along the diagonal bonds is the exact ground state of the Heisenberg model for J ′ /J < 0.7 11, 12, 13, 14, 15, 16, 17, 18 . In SrCu 2 (BO 3 ) 2 , J ′ /J is estimated to be 0.64 4 . In this paper, we investigate possible phases of doped valence-bond solid and superconductivity on the Shastry- When doped with holes, the system exhibits superconductivity in addition to the coexisting valence-bond solid order. Furthermore, when the nearest-neighbor repulsive interaction, V , is larger than a critical value, Vc, the plaquette D-wave superconductivity appears in a range of doping concentration, x, with a peculiar spatial pattern as shown in the right figure. In this situation, the pairing amplitudes residing in the four links encircling the horizontal dimers have the opposite sign to those for the vertical dimers. Different colors are used to emphasize the plaquette pattern of the pairing amplitude.
Sutherland lattice. In order to study the interplay between the valence-bond solid order and emergent superconductivity at finite doping, we use the bond operator formulation 19, 20, 21 of the constrained Hilbert space of correlated electron systems, extended to general doping and applied to the t-J-V model. Here t and V represent the hopping strength and nearest-neighbor repulsion between electrons, respectively. In contrast to previous studies of the Shastry-Sutherland model 23, 24, 25 , the emergent superconducting state is directly related to the underlying valence-bond solid order at the halffilling. For example, the valence-bond solid order is so robust that superconductivity always coexists with it as shown in the resulting phase diagram of Fig. 2 .
When the nearest-neighbor repulsion, V , is smaller than a critical value V c , the doped holes can remian paired mostly within each valence-bond singlet or dimer on the diagonal bonds. This leads to S-wave superconductivity. On the other hand, when V is larger than V c , the Coulomb repulsion prevents doped holes from occupying the same dimer. At larger doping concentrations, the doped holes tend to develop pairing correlation between nearby dimers of the valence-bond singlets. Consequently the superconducting order paramter acquires an interesting phase relation on the square lattice link, depending on whether the square lattice links encircle the horizontal or vertical dimers (See Fig. 1 ). More specifically, all the links within the same plaquette have the same sign, but those in the nearest-neighbor plaquettes have the opposite sign. Since this looks like D-wave symmetry at long distances, we call it the plaquette D-wave superconductivity. Notice, however, that this is different from the ordinary d-wave superconductor on the square lattice where the sign alternates for different links within the same plaquette. This peculiar structure comes from the underlying valence bond solid order. The simultaneous presence of the valence bond order and superconductivity can, in principle, be checked by X-ray or neutron scattering experiments.
The rest of the paper is organized as follows. In section II, we review the bond operator formulation for doped magnets. In section III, the t-J-V Hamiltonian is written in the bond operator representation and the mean field theory is explained. In section IV, the results of the mean field theory and the phase diagram are discussed. We conclude in section V. Some details of the computations are relegated to the appendix.
where ε αβγ is the third rank antisymmetric tensor with ε xyz = 1. Now, in order to cover the full Shastry-Sutherland lattice, we need nine additional bond operators representing the electronic Hilbert space associated with the vertical dimers corresponding to the sites 3 and 4. For example, τ α indicates the triplet magnon in the vertical dimers while h 3a and h 4a represent the corresponding single-hole fermions. While non-uniform condensations of the spin-Peierls singlet and/or double-hole bosons are in general possible, we focus only on the uniform phases in this study. Thus the condensation densities of the singlet and double-hole bosons will be represented bys andd for both horizontal and vertical dimers.
III. CHOICE OF HAMILTONIAN AND BOND OPERATOR MEAN FIELD THEORY
We consider the following t-J-V Hamiltonian:
whereP G is the Gutzwiller projection operator imposing the no-double-occupancy constraint. t ij and J ij are the electron hopping matrix element and antiferromagnetic exchange interaction, respectively. In this paper, we set t ij = t and J ij = J within a dimer, t ij = t ′ and J ij = J ′ between neighboring dimers. We take J ′ /J = 0.64 from the experiments on SrCu 2 (BO 3 ) 2 4,23 . From the large-U expansion of the Hubbard model, we can then set t ′ /t = J ′ /J = 0.8. However, the parameter, J ′ /t ′ , which is important for hole dynamics, is not available experimentally. Thus we follow the convention used in previous works 23 and take J ′ /t ′ = 0.3. Also, µ is the chemical potential and n i is the electron density operator. Finally, for convenience, the nearest-neighbor repulsive interaction ,V ij , is set to V for both the two sites within dimer and those between the nearest-neighbor dimers.
We now write the t-J-V Hamiltonian solely in terms of the bond particle operators 19 . As usual, the constraint on the bond particle operators is imposed by the Lagrange multiplier method. Residual interactions between bond particles are analyzed via quadratic decoupling of quartic terms in a similar manner to the usual Hartree-Fock-BCS treatment. For the mean-field description, we consider the following order parameters:
where i is the dimer index of the horizontal dimers and i ±x indicates the locations of the neighboring vertical dimers. The order parameters for the y-direction can be defined similarly. We consider the possibility that the valence-bond-solid order persists even at non-zero doping. We further consider the condensation of d bosons, but neglect the possibility of triplet condensation because we are mostly concerned about paramagnetic phases in this work. All of the order parameters (P , Q, Π, and ∆ for both x and y directions) defined above as well as s,d, the chemical potential, µ, and the Lagrange multiplier, ξ, are determined by solving a coupled set of four saddle-point equations and eight self-consistency equations. Details of the computational procedure are presented in the Appendix. 
IV. RESULTS OF THE MEAN FIELD THEORY AND THE PHASE DIAGRAM
At zero doping, the system is in a robust valence-bond solid phase. In our bond operator theory, the robustness of the ground state can be seen by the complete localization of triplet magnons: the t α and τ α dispersions are completely flat and high in energy. It can easily be shown that, at the quadratic order, the triplet magnons on the Shastry-Sutherland lattice are completely decoupled from the singlet contributions (Notice that the coupling between the singlets and triplets at the quadratic order were the main driving force for the triplet dispersion in the square-lattice case 19 ). This leads to the triplet Hamiltonian with no dispersive quadratic part. Thus, the only way to generate the triplet dispersion is through the saddlepoint order parameters, P x , P y ,Q x and Q y . It turns out, however, that all of the above order parameters are actually zero for any J ′ /J at half filling in our mean-field theory so that the triplets are completely localized. Now let us consider the case of non-zero doping. In our Hartree-Fock-BCS saddle-point approximation, superconductivity is found to appear at any non-zero doping when one neglects long-rage charge inhomogeneities such as Wigner crystal order at very small x. In the bond operator representation, the electron superconducting order parameter can be computed from
The superconducting order parameter for the y-direction is defined similarly. The doping dependence of χ is plotted in Fig.  3 along with the singlet boson condensate density,s, and the double-hole boson condensate density,d. While χ can be a complex number in general, it turns out to be real for most of the phase space, barring an arbitrary overall phase factor (See Fig. 2 ). In Fig. 2 , however, there is a narrow region where the S-and D-wave superconductivity coexists in the form of an S+iD-state similar to the results of previous studies on the square lattice 28 . In this case χ x is a complex number and χ x = χ * y . As shown in Eq. (9), the h-fermion pairing amplitude, ∆, is the key element in determining the sign of χ and thereby the pairing symmetry of the electronic superconducting order parameter. Generally the momentum dependence of ∆ can be written as follows:
If both ∆ S and ∆ D remain finite, the system possesses the S+iD-wave pairing symmetry. In Fig. 4 we plot the detailed doping dependence of ∆ S and ∆ D for V = 0.4t. Notice that the critical exponent, β, defined in χ ∼ |x−x c | β shows an interesting behavior when V > V c . Superconducting order parameters for both S-and D-wave show the usual mean-field behavior, i.e., β = 1/2, when they first emerge. On the other hand, when they disappear, both exhibit an unusual exponent of β = 1. This deviation from the conventional mean-field behavior has different origins in each case. For the S-wave case, the phase boundary corresponds to the critical point between S+iD-wave and D-wave superconductivity, where the presence of nodal fermions leads to a non-analytic cubic term in the expansion of the ground state energy 26, 27 . On the other hand, for the D-wave, the linearly vanishings 2 gives rise to β = 1 (Note that ∆ D remains finite at the critical point x = 0.5. See Fig. 4 ) .
It is also interesting to note that our h-fermion (defined on a dimer) is an extended object which carries both the charge and spin quantum numbers. As a consequence, when the hfermion pairing amplitude is finite, the distance between two holes in a h-h pair is larger than the average electron distance, as reported in exact diagonalization studies 29 . This behavior is different from what one would expect in the slave-boson-type theory 23, 24 . In Fig. 2 the zero-temperature phase diagram is plotted as a function of hole concentration, x, and the nearest-neighbor repulsive interaction, V . The overall shape of the phase diagram is determined by the behavior of the d-boson condensate, which corresponds to the local pairing of holes within dimers. For V < V c ≃ 0.23t, the d-boson condensation is the primary mechanism of pairing and its short-range nature generates S-wave pairing rather than D-wave with a nodal structure. On the other hand, for V > V c , there is a V -dependent critical hole concentration, x c , whered vanishes. It is this collapse of d-boson condensates that makes pairing more longranged and finally leads to the emergence of D-wave superconductivity.
The detailed x-dependence of the superconducting order parameter, χ, is shown in Fig. 3 . For V = 0.4t > V c , the Swave superconducting order parameter and the d-boson condensate density go to zero simultaneously at x ≃ 0.431. The collapse of the d-boson condensate at finite doping, in turn, imposes a precise upper bound on the hole concentration, up to which the valence-bond order can exist. To see this, note that, in the bond-operator representation, the chemical potential, µ, is fixed to satisfy h † 1ia h 1ia + h † 2ia h 2ia + 2d 2 = 2x. A similar equation exists for h 3 and h 4 fermions. Whend 2 = 0, hole doping can be achieved only through h-fermions. In this situation, the hole concentration cannot exceed x = 1/2 where every dimer has exactly one electron. Note that, for V = 0.1t < V c ,d
2 increases monotonically as x increases and finally reaches unity at x = 1.
The plaquette D-wave superconducting order parameter found here has a peculiar spatial pattern as shown in Fig. 1 . As explained in the introduction, this pattern is completely different from the corresponding pattern of the conventional d-wave superconducting state that previous slave-boson theories would predict 23, 24 . We argue that the order parameter pattern of our D-wave state is rather natural in the limit of strong dimerization. In this limit, two electrons within the same dimer lose their independent local coordinates and share the same single dimer index. Then, the links of the plaquette enclosing the horizontal (vertical) dimers would connect only the links of the nearest-neighbor plaquettes that encircle the vertical (horizontal) dimers. Thus it is natural to expect the plaquette-dependent order parameter.
Completely different behaviors of the d-boson condensate density below and above V c can physically be understood as follows. When two holes are doped into a unit cell, there are two possible configurations as shown in Fig. 5 . First, two electrons are removed from the same dimer while the other remains intact. In this case, only one singlet pair is removed, which costs the energy of E 1 = E s ∼ J with an additional Coulomb energy gain due to the disappearance of nearestneighboring electrons: E d ∼ V . Thus the total energy cost would be
Second, when two electrons are removed from two dimers, i.e., one hole remains at each dimer, there are twice the Coulomb energy gain and twice the exchange energy cost for breaking two singlet pairs. The total energy cost for the second case is E 2 ∼ 2E 1 . In conclusion, the energy-cost difference between two configurations is ∆E = E 1 − E 2 ∼ V − J. If ∆E < 0, the first configuration is preferred and the d bosons can condense. On the other hand, if ∆E > 0, the second configuration is favored and the d bosons may not condense depending on x, which is precisely the case as shown in the bottom figure of Fig. 5 .
V. CONCLUSION
By analyzing the t-J-V model based on the bond operator formalism, we have investigated the phase diagram of the doped Mott insulator on the Shastry-Sutherland lattice. The interplay between strong dimerization and nearest-neighbor repulsive interactions leads to different behaviors of the doped holes determining the overall phase diagram. If the nearestneighbor repulsive interaction, V , is smaller than a critical value, V c , the hole-pairing within dimers is preferred, resulting in S-wave superconductivity at any non-zero x. On the other hand, if V is larger than V c , the density of paired-holes within the same dimers vanishes at finite x and the plaquette D-wave superconductivity with a peculiar spatial pattern emerges.
Considering clear experimental evidence for the valencebond solid state in undoped SrCu 2 (BO 3 ) 2 , we believe that the above conclusions would be valid for a range of realistic situations. It will be interesting to observe the possible transition between the S-and D-wave superconducting states. Finally we note that, while doping mobile carriers to SrCu 2 (BO 3 ) 2 has not been achieved yet, there has been a recent progress in doping quenched non-magnetic Mg impurities to this material 30 . This work was supported by the NSERC, CRC, CIAR, KRF-2005-070-C00044 (YBK) and by the KOSEF through CSCMR SRC (BJY, JY).
APPENDIX A: COMPUTATIONAL DETAILS
Here we present details of the Hartree-Fock-BCS mean field theory in the bond operator formalism. We begin by explicitly writing the t-J-V Hamiltonian as follows:
where
and
In the next section, the t-J-V Hamiltonian is expressed solely in terms of bond particles.
Hamiltonian in the bond-operator representation
Taking usual steps in any saddle-point theory, we first replace the full Gutzwiller projection by adding the Lagrange multiplier term. In the bond operator representation, this Lagrange multiplier term is written as follows:
where ξ is the Lagrange multiplier. Also, σ i and δ i represent the singlet boson and double-hole boson operators for the ith vertical dimer, respectively. Other operators are defined in the main text. Under the constraint imposed by Eq. (A6), the usual chemical potential term can be written as follows:
Since we focus only on the phases with homogeneous singlet boson and double-hole boson condensates, from now on we set
Furthermore, we neglect the possibility of triplet condensation in this paper.
By applying the bond operator representation to all the remaining terms in the Hamiltonian, the saddle-point Hamiltonian can be written as follows:
where the triplet boson Hamiltonian is given by
and the single-hole fermion Hamiltonian is given by
In the above expressions, N is the number of unit cells,
Of course, the order parameters, P , Q, Π, and ∆, should be determined self-consistently by satisfying the following conditions:
and similar equations for the y-direction. As seen in Eq. (A14) and subsequent equations, c k , d k , e k , and f k are in general complex. In this case it is not easy to obtain analytic expressions for the h-fermion spectrum. Fortunately, however, it turns out that we can make the following approximations:
The justification for the above approximation will be given in Appendix A 3 where we discuss the physical meaning of the approximation and provide supporting numerical results. For the time being, however, we proceed to derive saddle-point equations by accepting Eq. (A20).
The four saddle-point equations fors,d, ξ, and µ can be obtained by minimizing the ground state energy as follows:
where ∂ε gr ∂ξ = 5 − 2s 2 + 2d 2 − 4x
Self-consistency conditions for eight order parameters can also be written in terms of new quasi-particle spectra:
,
and additional four self-consistency conditions for P y , Q y , Π y , and ∆ y are obtained when cos k x is replaced by cos k y .
Validity of the approximated h-fermion dispersion
In order to justify the approximations used in Eq.(A20), we start by expressing the fermionic part of the Hamiltonian in The additional band structure due to the remaining term, H+−,−+. For convenience, we plot the band structure of H
